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(Notes 12)
ULTRASOUND

1. One-dimensional sonic wave equation

A sonic disturbance is propagated by the motion of particles of the propagating medium vibrating around
their equilibrium positions. The motion may be described by Newtonian mechanics. For mathematical
simplicity consider a fictitious medium in which motion is restricted to one dimension. If u(x) is the particle
displacement from equilibrium at x then the force on a volume element about y is given by

dF'(ρdxdydz)@ M
2u
Mt 2 (1)

where ρ is the density of the medium. The net force in the x direction is the difference between the forces at
x+dx and x operating on the area dydz. If the stress σ is defined as the force per unit area then

dF'[σ(x%dx)&σ(x)]dydz' Mσ
Mx

@dxdydz (2)

This leads to the continuum equation

Mσ
Mx

'ρ M
2u
Mt 2 (3)

Since the displacement depends upon position the system becomes distorted. An element originally of
length dx extending from x to x+dx will now extend from x+u(x) to x+dx+u(x+dx) resulting in an increase in
length of the element of u(x+dx)-u(x). The dimensionless quantity strain is defined as the fractional distortion
and hence is given by

ε(x)' u(x%dx)&u(x)
dx

'
Mu
Mx

(4)

To proceed further with Equ.(3) it is necessary to introduce a relation between the stress and the
displacement. This relation is a constitutive property of the medium and is derived from the more direct
stress-strain relations.

2. The Voigt model

The Voigt model introduces a simple stress-strain relationship which approximately describes the
behaviour of visco-elastic media. These are particularly relevant since they probably represent tissue behaviour,
at least approximately.  The constitutive relationship may be written
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σ'Yε%η dε
dt

(5)

where Y is Young's modulus and η is the viscosity. The first term is the normal elastic response to small
departures from equilibrium resulting in a restoring force in the harmonic approximation. The second term may
be thought of as the continual elongation under stress from non-elastic media such as putty or warm toffee.

The behaviour of a Voigt solid is exemplified by considering the response following the application of a
constant stress on the system. With σ=σ0 the solution to (5) is 

ε'
σ0

Y
@ (1&e &t/τ),τ'η/Y (6)

The system thus proceeds from one equilibrium state to another by a simple relaxation process with time
constant τ.

For such visco-elastic media the stress can be written in terms of the displacement as 

σ'Y Mu
Mx

%η M2u
MtMx

(7)

Equation (3) becomes

Y M2u
Mx 2
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Mx 2Mt

'ρ M
2u
Mt 2 (8)

The above equation can be solved by harmonic analysis. Let

u(x,t)'mÛ(ω)e i(kx&ωt)dω (9)

where it is understood that the physical displacement is recovered by taking the real part. Equ.(8) now takes the
algebraic form

k 2YÛ&ik 2ωηÛ'ω2ρÛ (10)

In the preceding equation the Fourier amplitude  is a common factor so that a condition is imposed upon the Û

relationship between the wave number k and the angular frequency ω. This dispersion relation may be simplified
to give

k'ω ρ/Y@(1&iωτ)&1/2 (11)

This result implies that the wave number is complex. While an exact solution can be obtained, in the regime
ωτ<<1 the above simplifies to

k'ω ρ/Y@(1&iωτ/2) (12)
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In general the wave number can be written

k'β%iα (13)

where α and β are the attenuation and propagation constants respectively. In this regime the propagation constant
satisfies

 β'ω ρ/Y (14)

Since the imaginary part of the exponential describing the particle displacement corresponds to the general
space-time dependant phase factor

Ψ(x,t)'βx&ωt (15)

the condition for constant phase, dΨ=0, is satisfied by the phase velocity 

vp'ω/β' Y/ρ (16)

The attenuation factor, which leads to exponential damping of the wave amplitude of the form e-αx, is given by

α'ω
2τ

2vp

'
ω2η

2ρv 3
p

(17)

3. Wave parameters

The structure of a wave is summarized by certain parameters. Since the relation between stress and
particle displacement is linear for a harmonic component of u there corresponds the stress wave

σ(x,t)'Σ̂@e i(kx&ωt) (18)

If one looks upon the stress as an analogue to voltage and the particle velocity as an analogue to current then it is
possible to define a wave impedance. From Equ.(3) and (18)

ikσ'&iωρ Mu
Mt

(19)

The wave impedance Z may be defined as  giving&σ/ 0u

Z'ρω/k–ρvp (20)

where the last approximate relation holds when viscous effects can be neglected. In the more general case the
impedance is complex indicating an arbitrary phase angle between the stress and velocity.

The impedance of a simple travelling wave as described above is a characteristic of the propagating
medium. At the boundary between two media having different impedances the relationship between stress and
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particle velocity becomes distorted and an additional reflected wave is generated. Formally, continuity of both
stress and velocity at the boundary cannot be satisfied by simple travelling waves in both the incident and
transmitting medium. The impedance of a standing waveis not simply the impedance of the medium however. An
additional degree of freedom is introduced through the ratio of the amplitudes of the two components in the
standing wave. This ratio is determined by the two material impedances involved. The

 reflected intensity is  for normal incidence.
Z2&Z1

Z1%Z2

2

The instantaneous kinetic energy density is .  Averaging over a cycle gives  for thisρ
2
0u(x,t)2 ρ

4
* V̂*2

quantity, where  is the phasor representing the amplitude of the velocity. It is well known that the averageV̂

potential and kinetic energies are equal in harmonic motion so that the wave energy density may be written

E' ρ
2
* V̂*2 (21)

The above may be expressed more conveniently in terms of the stress amplitude phasor  and the impedanceΣ̂

as

E' ρ* Σ̂*
2

2Z 2
(22)

Perhaps a more commonly used attribute than the energy density is the intensity which essentially has the
same macroscopic interpretation as the energy flow vector for an ionizing radiation field introduced in the third
section. Here the intensity is written

I'E@vp'
1

2Z
@ * Σ̂*2 (23)

The vector direction is normal to the equi-phase surfaces, or wave fronts.

The wave parameters may be quantified for compressional waves in water, a situation of essentially
one-dimensional wave motion which may occur in practice provided the description is confined to regions far
removed from a boundary. In this case Young's modulus is replaced by the bulk modulus B = 2.2 × 109 N/m2

while ρ = 103 kg/m3. From Equ(16) the phase velocity becomes  or approximately 1500m/s. Of2.2x103

course the value depends somewhat upon the temperature through the density variation. Thus a wave of 1 Mhz
frequency propagates with a wavelength of 1.5 mm. From equ(20) the acoustic impedance for water is 1.5 × 106

kg m-2 s-1. For an intensity of 1 W/cm2 or 104 W/m2 the amplitude of the stress wave, corresponding to pressure in
this case, is 1.7 × 105 Nm-2 or 1.6 atmospheres. Such large pressure amplitudes are responsible for the major
safety concern in the use of ultrasonics. During the rarefaction part of the cycle the local pressure becomes so low
that dissolved gases will come out of solution forming bubbles. This phenomena is referred to as cavitation.
During the following period the pressure rises rapidly and the gas is compressed adiabatically. This may result in
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Figure 1. Relative decrement versus
frequency.

localized heating to extreme temperatures and induce the formation of reactive species such as free radicals. Thus
during the onset of cavitation biological effects similar to those caused by ionizing radiation may occur.
Cavitation is purposely induced in ultrasonic cleaners not only through the use of high intensities but also
through the formation of standing waves in which interference effects enhance the extreme pressure variations.

4. Generalization of the Voigt model

As indicated in Equ(17) the attenuation of a travelling wave in a visco-elastic medium is determined 
by the viscosity parameter. A more detailed investigation of the behaviour of the attenuation is warranted and a
slight generalization of the Voigt model is necessary. Consider the property of the compliance of a medium
defined as the inverse of the complex elastic modulus. The relation in Equ(5) can be written 

Ŷ'Y(1&iωτ) (24)

for a time harmonic variation of σ and ε. The compliance can then be written

Ĵ'J0 @ [
1%iωτ

1%(ωτ)2
] (25)

According to the above relation the compliance vanishes at sufficiently high frequencies. More realistically, the
value tends to a constant, say J4, which can be added to the right side of Equ.(25). From Equ(11) and (13), if Jr

and Ji are the real and imaginary parts of  then Ĵ

β2&α2'ρω2Jr (26)

and 

2αβ'ρω2Ji (27)

In the case β >> α and J4 >> Jo it is easily shown that

αλ'
πJ0

J4
@ ωτ
1%(ωτ)2 (28)

where λ = 2π/β is the wavelength. The left side of the
above indicates the attenuation for one wavelength
referred to as the decrement. As indicated in Fig.1 this
quantity exhibits a maximum at ω = 1/τ. The attenuation
through the viscous term is a dissipative effect in which
the mechanical energy of the ultrasonic wave is converted
to heat. Since this conversion occurs as the wave pro-
pagates and hence is generated internally, ultrasound is
used in physiotherapy to achieve heat at depth without
accompanying extreme superficial temperature. It is
interesting to note that the maximum in the decrement at
the appropriate frequencies may account for the
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Figure 2.  Stress components in two
dimensions.

significant heating of certain clays during seismic disturbances the result of which is a softening or melting
accompanied by land-slides or other instabilities.

5. Longitudinal and transverse waves

The extension from one to two dimensions indicates the existence of new phenomena accompanied by

increased mathematical complexity. The displacement field will now have two components  whereu'(u1,u2)

the notation uses subscripts 1 and 2 to denote the x-and y-components, ie .Similarly, theu1'ux; u2'uy
coordinates are designated  The strain now becomes a second order tensorx1'x; x2'y

εij'
1
2
@(
Mui

Mxj

%
Muj

Mxi

) (29)

It is customary to use x and y subscripts so for example .g12'gxy

The stress also is a second order tensor repre-
senting the system of normal and tangential forces acting
on a two-dimensional object as shown in Fig 2. It is easily
seen that the components of the force per unit volume or
force density satisfy  

Fx'
Mσxx

Mx
%
Mσxy

My

Fy'
Mσyx

Mx
%
Mσyy

My

or in abbreviated form

F'divσ (30)

The extension of the divergence to a tensor in Equ(30) is
taken to mean the normal divergence operation for each
row vector of the tensor. Written in this form the equation
is equally applicable to three dimensions.

Discussion will be restricted to non- viscous media in considering the constitutive relation. In the simplest
case of an isotropic medium this becomes

σij'2µεij%λΘδij (31)
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In the above equation the dilation is introduced and corresponds to the trace of the strain tensor

Θ'εxx%εyy'L@u (32)

The last factor in Equ.(31) is the Kronecker delta which vanishes for unequal subscripts and equals unity for
identical subscripts. The elastic response of the medium is governed by the LameN parameters λ and µ. The need
for at least two parameters may be seen if one recalls that the extension of a rod under tension is accompanied by
a decrease in diameter. 

Combining Equ(30) and (31) gives for the x component of the force density

Fx'(2µ%λ)
Mεxx

Mx
%λ

Mεyy

Mx
%2µ

Mεxy

My
(33)

From Equ(29) the strain components can be written in terms of the displacement components to give

Fx'µL2ux%(µ%λ) MΘ
Mx

(34)

A similar result holds for the y-component so that Newton's equation in vector form becomes the
two-dimensional wave equation through

F'µL2u%(µ%λ)LΘ'ρ M
2u
Mt 2 (35)

If the divergence of each term in Equ(35) is calculated then the result

(2µ%λ)L2Θ'ρ M
2Θ
Mt 2 (36)

is obtained.  This represents a dilatational wave moving with phase velocity

v d
p ' (2µ%λ)/ρ (37)

A second equation is obtained by introducing the quantity

R'Lxu (38)

Then operating on Equ(35) gives the shear wave equation

µL2R'ρ M
2R
Mt 2 (39)

representing motion with phase velocity

v s
p' µ/ρ (40)

The vector R is perpendicular to the direction of motion and hence the shear wave is a transverse wave. while the 
dilatational wave corresponds to a longitudinal wave. In a fluid only the longitudinal wave, which is a pressure
wave, exists. This is the normal sound wave. Note that the phase velocity of the longitudinal wave exceeds that



(notes 12)  Page 8

 Figure 2. Beam behaviour

of the transverse wave. A purely longitudinal wave incident upon a boundary at an oblique angle may in general
produce both longitudinal and transverse reflected waves.

The above is the very simplest treatment for an idealized case in more than one dimension. In the case of
crystals, the medium is not in general isotropic, leading to a complex constitutive relation in which the stress and
strain are related through a fourth order tensor. It is interesting to note that consideration of elastic waves in
crystals prompted the development of tensor formalism which was used to advantage in general relativity. The
inclusion of viscosity also complicates the issue. Finally, the use of linear constitutive relations is an
approximation which breaks down for large amplitude waves. The major aspect of non-linear behaviour is the
generation of harmonics. If a 1MHZ transducer is used for example, in addition to a major wave at 1MHz,
additional waves with generally decreasing amplitudes can be generated at 2 , 3 etc MHz. 

6. Field Parameters

A complete description of the ultrasound field requires specification of u(r,t) or σ(r,t) and knowledge of
the material impedance at r.  These tend to play the role of the angular fluence rate. A six-dimensional
representation is not necessary. The role of Ω is constrained to be normal to the wave front, and the frequency
spectrum is determined by the Fourier transform of the time behaviour. An alternative description is by the
instantaneous intensity i(r,t). A field description requires a reference material. For ionizing photon fields, the
exposure required air as the reference material. For ultrasound, exposure parameters are referenced to water

In medical applications the source of ultrasound is the
transducer. A typical disc transducer produces a field roughly in
the form of a beam, as indicated in Figure 2. The analysis is
simplest fro operation at a single frequency, and this will be
assumed. For distances less than a2/λ, where a is the transducer
radius, and λ the wave length, the beam contracts to a radius of
about a/2. This region is referred to as the near field. The beam
edges are not sharp, and represent a fixed fraction of the average
intensity at that axial distance. In the far field, distances greater
than a2/λ, the beam diverges as if it were produced at a point on
the center of the transducer disc, with angle θ=λ/2a.  In the far
field the wave properties are determined by Fraunhofer
diffraction, and the field is a nonuniform spherical wave. For a
pulsed field the frequency spectrum is usually peaked around a
central frequency. Qualitatively the situation can be considered as
a blurred version of the above with the central frequency
corresponding to the single frequency in the analysis. 

The transducer is characterized by its total power output, corresponding to the integral of the time-averaged
intensity over the face of the transducer. Formally this can be written

W'
1
T m
t'T

t'0
m
S

i(r,t)d 2rdt (41)

where T is the period and S is the face of the transducer. The quantity , where A is the effective area ofIT'W/A
the transducer is the time-averaged intensity, spatially averaged over the face of the transducer. The boundary of
the transducer face is determined by intensity drop off and hence is not exactly equal to the geometrical intensity.
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Figure 4 Axial intensity variation for a 
                disc transducer

The boundary is taken where the intensity has dropped to 25% of the maximum. The quantity ISATA (z) is similarly
defined as the spatial and temporal average over the effective beam area at distance z from the face of the
transducer.

The axial variation of the intensity in the near field region is complex as shown in Fig.3. In the example
the demarcation between near and far field is at 25
cm. Again this is for operation at a single
frequency. The variation is characterized by
oscillations in intensity in the near field. At the
boundary is what is referred to as the last
maximum. Beyond this point the intensity quickly
approaches an inverse dependence on axial
distance. ISPPA is the spatial peak pulse average
intensity. It is determined as

ISPPA'
1
Tmi(a 2/λ,t)dt

For a pulsed system, the quantity T is the repetition
period.  In this case, as mentioned previously, the
variation in Fig.4 is less extreme, since it is the
superposition of curves for each spectral component
and the positions of the extrema are frequency 
dependent.  


