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(Notes 2)
BACKGROUND

2.1 Distributions and Spectra

A quantity x is said to be distributed when it can assume a range of values, so that it is not possible
to predict the outcome of the measurement of the quantity. It is then necessary to resort to a statistical
description, which may be based upon the probability density function. The defining relation for the
probability density function (pdf) p(x) is

where dW is the probability (wirchlicheit  in German) that the quantity will be observed between x and x+dx.
It is important to note that since probability is dimensionless the pdf is characterized by the inverse
dimensions of the variable x. Qualitatively, the pdf is a description of the nature of the distribution of the
quantity. Those regions for which the pdf is large represent values likely to be observed, and conversely,
values for which the density is small are rarely observed. The analogy with mass distribution and density
in a physical object is pretty obvious.

It follows from the definition that the probability of observing the quantity in the finite range of
values ranging from a to b  is given by

Extension of the range to all possible values must lead to a probability of unity, since one must observe one
of the possible values of the quantity if the latter exists as assumed. This leads to the fundamental property
of the pdf, often referred to as the normalization condition

While the pdf provides information about the manner in which the quantity is distributed, it is not,
strictly speaking, the distribution function. This quantity is defined as the probability of observing a value
less than x,
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Note that to prevent confusion, the variable of integration must be distinguished from the variable integration
upper limit. It is in this context that the pdf is sometimes referred to as the differential distribution with the
relation

in mind. Note that there is the possibility of confusion, in that the function being differentiated is not a
probability in the generic sense, which is a constant for a given situation. A closely  related quantity is the
complementary distribution function Wc(x)=1-W(x), corresponding to the probability of observing a value
greater than x. 

The concept of the pdf is relevant to a fluctuating quantity. If the quantity assumes a constant value,
c, or in practice the fluctuations are much too small to be detected, then the pdf assumes a singular property,
in the sense that it must vanish for all x…c while at the same time have unit area. The extension of the
concept of pdfs to such singular cases was pioneered by Heaviside, much to the chagrin of contemporary
pure mathematicians, and adopted by Dirac, so that for such cases the pdf is represented by the Dirac delta
function δ(x-c) defined to have the required properties. With this definition it is possible to unify the
description of both continuous variables x which can assume all values over some range of the real number
line and discrete variables which are restricted to a set of unique values which can be put into
correspondence with the integers. For example if q is the value of the face of a die, then q is restricted to the
integer values 1,2,3,4,5, and 6. Designating these as {qi;i=1,N} in general then the pdf can be written

The quantity Pi is then interpretated as the probability of observing the discrete value qi. The sum of these
probabilities is unity. In practice measurements of pdfs are approximate and the data consists of discrete
probabilities

referred to as a histogram. The values of x are determined in terms of a quantization interval ∆x. The values
are then represented by the integer values of x/∆x. This results in the mapping of the range of real numbers
comprising the integration limits above into the corresponding integer. If the quantization interval is small
on the scale of variations in the pdf the histogram values are approximately proportional to the pdf values
at the lower limit. A better approximation is to use the mid-point, p[(i+1/2)∆x]. However ideally, if the
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quantization interval is truly negligible this refinement is not necessary.

A closely related quantity to the delta function defined on the integers rather than the real numbers
is the Kronecker delta δmn. The Kronecker delta is defined to be unity when the subscripts are identical and
to be 0 otherwise.

As already alluded to, physical quantities such as mass and charge are spatially distributed, and a
similar approach is used for analysis. For example, a charged wire may be represented approximately as a
one-dimensional charge distribution. In this case a linear charge density is defined through

where dQ is the amount of charge contained on the wire between x and x+dx.  The total charge is then

The charge density is analogous to the pdf but is normalized differently. Quantities analogous to the
distribution functions are rarely used. In terms of the common notation, therefore, the differential notation
is a bit confusing since it appears to indicate that the density is the derivative of a constant, which of course
is not the intent.

More realistically, spatial distributions should be described in 3 dimensions. A straightforward
extension then leads to

The product of the differentials of the 3 coordinates is a volume element. It could simply be written as dv,
or dV. However, the former could be confused with an element of velocity, and the latter an element of
potential energy or voltage-ie this letter is already overworked. It is convenient to represent the triplet (x,y,z)
as the vector r given as

where the gradient terms represent unit vectors along the 3 coordinate axes. The volume element will be
represented by d3r. The superscript is a bit redundant, but it can be varied to indicate a change in the number
of dimensions. For example, sheet-like charge distributions could be described by two coordinates, and an
areal charge density, with an area element replacing the volume element, so the superscript could be altered
to 2. 
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The spatial description in Eqn(10) and (11) is given in Cartesian co-ordinates. To generalize to
curvilinear coordinates, it is necessary to consider the effect of a transformation from the triplet (x,y,z) to
a triplet (u,v,w) of the form

In the new coordinate system the volume element is transformed according to

and the new density is accordingly

For the two most common curvilinear systems, the cylindrical (r,θ,z) and the spherical (r,θ,φ) the Jacobian
takes the form r and r2sinθ respectively. It should be emphasized that the meaning of the coordinates with
the same symbols in these two coordinate systems is entirely different. The values of the Jacobians in these
two systems is easily derived purely by geometrical reasoning but also follows directly from the
transformation equations. For the spherical coordinate system an additional concept should be mentioned.
The volume element may be written

where dA is an element of area perpendicular to the radial direction. Hence this area element is an
infinitesimal section of the surface of a sphere of radius r. A solid angle Ω, which describes a range of
directions in three dimensions, as an angle does in two, is defined as the ratio of the area A of a sphere
segment defined by these directions to the square of the sphere radius A/r2. This is a straightforward
extension of the definition of an angle as the ratio of the arc length of a circle defined by the range of
directions in two dimensions to the radius of the circle. Comparison with the above equation leads to the
relation between the solid angle and the angular coordinates, dΩ =sinθdθdφ. This form of notation does not
explicitly indicate that the quantity is a second order differential and is analogous to the use of dV for a
volume element. The symbol Ω is not over-used however, the notation is common and no confusion should
arise. When dimensionality is to be emphasized,  will be used.d 2Ω

It is important to consider the interpretation of the delta function in this context. For the one
dimensional case the singular charge density ρ(x)=Qδ(x-x0) implies that the total charge is concentrated at
the single point x0, and hence provides an appropriate description of a point charge. Similarly if a series of
N point charges {Qi,i=1,N} were located at the series of corresponding points {xi,i=1,N} then the charge
density becomes analogous to the case of the discrete probability
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and the sum of the discrete charges would be Q.

For three dimensions the approaches depend on whether the individual 3 coordinates are explicitly
used or whether the more compact vector notation is employed. Thus if the entire charge Q is concentrated
at r0=(x0,y0,z0) then possible alternatives are

where the function with vector argument is considered to imply the 3-dimensional extension. Care must be
taken when using general curvilinear components since the volume element is the product of a function of
the coordinates with the three differentials. For the general system introduced above,

If charge is interpreted as the source of an electrostatic field, and mass as a source of a gravitational
field, then the 3-dimensional singular distribution has the generic interpretation of a unit point source. The
nature of the source and the dimension and magnitude of the unit depends on the system under consideration.

The one-dimensional case is also relevant to the concept of spectra. In this case the quantity acting
as the independent variable is energy or a closely related relative such as frequency or wavelength. The
quantity analogous to probability or charge used in the description of a spectrum depends upon the
circumstances, and will be the subject of later discussions. Traditionally, beginning with Newton and the
prism, and in some ways ending with Plank and black body radiation, the quantity used is intensity, a
quantity which will be left as intuitive. In these circumstances the intensity is distributed continuously over
energy. 

Atomic spectra are generally referred to as line spectra, a description arising from their appearance when
viewed through a diffraction grating. This appearance is consistent with the intensity being distributed in
a discrete manner, concentrated at a set of energies {Ei,i=1,n}. In this case the intensity distribution function
i(E) must be described as a linear superposition of singular functions of the form
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The quantity Ii is then the intensity associated with the spectral component at energy Ei.

The classical use of intensity illustrates the point that there may be different closely related
distributions which describe a common phenomenon in somewhat different ways. Without getting into too
much detail, if one excepts the fact that intensity is associated with the amount of energy carried by the light,
then the modern interpretation in terms of photons provides a different viewpoint. Since light is interpreted
as consisting of photons the intensity is associated with a number of photons each carrying fundamental
energy E, in the continuous case, or Ei for a given component in the discrete case. Then the intensity
distribution function i(E) is related to a number distribution function n(E) by

These two distribution functions will have quite different appearances, since the energy factor will
emphasize the high energy region of the intensity distribution. 

It is always possible to associate an effective probability density function with a physical density or
distribution function. In this case for example this can be done for the number distribution function
according to

The procedure of dividing the density or distribution function by its area guarantees the probability
normalization condition will then be satisfied. Note that negative energies are excluded here so the lower
limit of integration is 0 rather than -4. Now consider the total intensity which may be written

The last integral is by definition the first moment of the pdf, usually referred to as the average or mean value
<E>N. Thus the result in Eqn(23) is that the intensity is the product of the total number with the average
energy. It should be emphasized that the detailed nature of either the number distribution or the total number
has not been specified here. The main point is that interrelated densities or distribution functions have
interrelated properties. It is also important to note that a possible ambiguity can now arise in reference to
such quantities as mean values. The mean value referred to above was basically determined by the number
density function, hence the subscript N. However, the intensity distribution itself could be used to derive a
different pdf, and a different average energy calculated according to
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Substitution gives

Thus the intensity average energy, or first moment, is the ratio of the number mean square energy, or second
moment, to the number average energy.

In modern γ-ray and X-ray spectrometry multichannel analyzers are used which automatically
produce a histogram of the number distribution of energy deposited in the detector. Since the output of the
detector employed is a pulse the height of which is proportional to the energy deposited the result is referred
to as a pulse-height spectrum. In the very early days of radiation science only the simple discriminator was
available. This device produced a standardized output pulse only if the height of the input pulse exceeded
a specific value called the discriminator level. By determining the rate of events as a function of the
discriminator level the analogue of the complementary distribution was measured, a tedious process. With
the advent of pulse-height analysers, single-channel at first, it became necessary to distinguish between the
two types of data, and the terms integral and differential energy spectra were introduced.

If the energy spectrum consists of a single line, and therefore has a density function of the form δ(E-
E0) it is referred to as monochromatic, or monoenergetic. Since the former means one colour, it is strictly
applicable only to visible light. Its extension to other regions could presumably be justified on the grounds
that there might be somewhere in the universe a species physiologically responding to these regions via the
sensation of colour. A general line spectrum is referred to as polychromatic. The analogue of polyenergetic
is not used to my knowledge.

While the concept of singular distributions is useful mathematically, it is in fact an approximation.
For example, a monoenergetic spectrum actually has a non-singular density function, consisting of a peaked
function of the form
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The width of the peak at n=1/2 is Γ. If this width is much narrower than the resolution of the instrument then
it appears to be concentrated at the single energy E0, or wavelength taking on the appearance of a sharp line
in an optical spectrometer. Formally, the distribution assumes the  singular form πδ(E-E0)/2 in the limit that
the width vanishes. This example illustrates that the approximation of the singular distribution is a matter
of scale. A mass that is distributed over a region of millimeter dimensions may be approximated by a point
when  distances of the orders of metres are involved.   
    

A property unique to singular distributions is that the mean value of any function of the variable
equals the function of the mean of the variable. For a one-dimensional distribution with variable x for
example, the pdf can be written as δ(x-x0). Since this is the pdf for a constant value, obviously <x>=x0. For
any function F(x) the average value is

The generalization to higher dimensions is straightforward, and this result is often referred to as the sifting
property. In general, for regular distributions the equality expressed above holds only for linear functions
of x.

  For distributions involving more than one variable, known formally as multivariate distributions, the
concept of interdependence arises. The degree to which the fluctuation in one variable effects the fluctuation
in another is measured by the covariance. For simplicity consider a bivariate distribution with variables x
and y. Then the covariance is <xy>-<x><y>. For variables which are independent the pdf satisfies

and 

so that the covariance vanishes.

Associated with a bivariate pdf are an infinite number of univariate pdfs. The simplest are p(x) or
p(y) obtained by integration over all values of y or x respectively. If one thinks of the representation of p(x,y)
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as a surface defined over the xy plane, then if a condition y(x) is imposed upon the variables, variations are
constrained to lie along the corresponding curve in the plane. All that can be measured in this circumstance
are the values along this curve. The everyday experience of following a road twisting over a hill is a good
example. The entire hill could be described by a two-dimensional altitude function. The values obtained with
an altimeter in a car constrained to follow the road would produce a one dimensional description in terms
of distance along the road perhaps. The condition can be more general, and might be that x and or y be
restricted to an area of arbitrary shape in the plane, rather than a one-dimensional curve. The simplest
condition is that one of the variables be held constant, say y=y0. The conditional pdf for this case is given
by

The integral in the denominator is required so that the subset of values derived from the bivariate pdf with
the condition imposed is properly normalized. An example of a more general condition would be the
distribution in x given y$y0. To calculate this, one would integrate the bivariate pdf over y from y0 to infinity.
The resultant function would then be an unnormalized version of the required conditional pdf. The
normalization factor is then the inverse of the integral of this function over all x. In the above equation note
that the denominator is p(y0). It is then possible to use a generic y and define the two-dimensional function
p(x*y)=p(x,y)/p(y). From symmetry this leads to Baye's theorem

The most common and familiar of all distributions is the normal distribution characterized by a
Gaussian pdf, and completely described by the mean and variance, <x> and σ2=<x2>-<x>2 respectively,
using x to indicate the variate. 

This distribution is of such overwhelming importance because of the central limit theorem, which states that
it describes the distribution of any quantity for which the fluctuations are the sum of a large number of
independent fluctuations. A closely related but less familiar distribution is associated with particle sizes. In
this case, the fluctuation is modelled as the product of a large number of independent fluctuations. Since a
transformation to the logarithm of the variate transforms the product to the sum, one concludes that the
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logarithm of the variate is normally distributed. This is referred to quite naturally as the lognormal
distribution.

Another important distribution is the counting, or Poisson distribution, which describes the number
of events or particles in a spatial or temporal interval. Clearly, the distribution is discrete since the number
of entities must be an integer. The probability is given as

where N=<n>. It can be shown that for this distribution the variance equals the mean. Note that in addition
to the normal nomenclature, the middle term indicates that this is a conditional probability. In fact the
quantity Pn represents the probability of observing an outcome of n on condition that the mean is N. From
the experimental point of view this is a bit backwards. In the practical situation, the outcome n is observed
and one wishes to make a statement about N. Bayes theorem may be invoked along with the hypothesis that
p(N)=1 to invert the distribution to a pdf for N, which is a real number and not an integer. This gives

Despite the identical appearance of the right side of the above equations the meaning is entirely different.
Here the variable of interest is N and the distribution in this variable is the Gamma distribution. To
emphasize this the above is interpreted to mean that if an experimental result returns a value n, then the
probability that the mean value of the process under investigation lies between N and N+dN is

 
The inverse distribution is referred to as the a posteriori distribution since it applies after the measurement
of n has been made. The pdf p(N) is then associated with the a priori distribution, relevant before the
measurement has been made. The use of a uniform distribution with constant pdf is an attempt to introduce
either lack of bias or complete ignorance depending upon one's point of view. This distribution is intended
to convey the idea that before the measurement is made all values of N are equally likely. This approach has
been criticized because strictly speaking such a distribution is not acceptable. This is because the integral
of the pdf is obviously infinite so the distribution is not normalizable. In the opinion of the author the
situation is much like that of the Heaviside era, and the approach is justifiable at least in practice. It is only
necessary to define an intermediate a posteriori distribution for an a priori distribution that is constant over
a finite range of N, and vanishes outside the range. The final a posteriori pdf is then defined as the limit of
the intermediate as the range approaches infinity. 

Of course the stance of complete ignorance is itself questionable since an experimenter usually has
some preconceived idea of the result of the measurement. The nice thing about the Bayesian approach is that
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it is easy to incorporate any objective prior information. Thus for example if a count of the same sample had
been performed previously, with result n1 and if the effect of decay was negligible on the activity, then one
could use p(N)=p(N*n1). 

 

2. Quantum Physics and the Dirac Notation

Most practical radiation physics involves the macroscopic level so that the classical approximation
can be used. The underlying phenomena however are microscopic and require a quantum description.
Moreover, speeds approaching the speed of light are common, so that a relativistic treatment is also required.
Relativistic quantum mechanics is however both beyond the scope of this treatment and beyond the ken of
its author.

For a bound particle, classically described as orbiting around a center of attraction, the associated
wave property has a profound effect. Since the square of the magnitude of the wave function determines the
probability of observing the particle, clearly the wave function must ostensibly vanish for distances
significantly larger than those encompassing the orbit. The confinement of the wave to a volume of space
is qualitatively analogous to the resonant cavities employed in microwave technology and in sound. As is
well known sustainable waves take the form of standing waves and only exist at a discrete set of resonant
frequencies which depend upon the geometry of the cavity. Since the frequency of a particle wave is simply
the particle energy in units of h, this implies that the bound particle only exists in a set of energy states
{En;n=1,N}. Since the frequency is different for each energy state then so will be the associated wave
motion, and wave function, ψn(r), which in general may be complex. According to the probabilistic
interpretation, to each state there is then a corresponding pdf governing the spatial distribution of the particle
given by

The determination of the mean, or expected value of a physical quantity for the system in a given state is not
quite as straightforward in general as for classical distributions. For simple functions of the space variable,
the classical approach is adequate and one can write

Again note that it is important to indicate for which distribution, or corresponding state, the expected value
has been determined. An added complication which arises in quantum physics is that many physical
quantities take the form of operators such as the differentiation operator which represents momentum,
ihL/2π. In order to emphasize the extension of the averaging process to these cases, the term expectation
value, rather than expected value is used. The expectation value of the momentum would then be
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When the operator corresponding to a physical quantity is simply a multiplier such as f(r) then the more
general approach becomes identical to that used for classical distributions.

The Dirac notation is a powerful symbology leading to a compact notation for expectation values and
their generalizations, as well as providing insight into quantum manipulations in general. It is in a sense, an
evolution of the statistical notation. In what for the moment might seem a redundant step, the expectation
value of any quantity Q is written <n*Q*n>. This is certainly more unwieldy than the simple averaging
symbol <Q>n. However, it is as specific and carries greater symbolic meaning. The quantities making up
the expectation symbol may now be separated into  <n* and *n>. The second may be considered a symbol
for the state n, and in a sense the wave function ψn. Then the combination Q*n> is understood as Q operating
on the wave function. The quantity <n*is then associated with the complex conjugate of the wave function.
The entire symbol however stands for the entire integral not just the integrand.

The extension of the Dirac notation is also very convenient. If we consider the simple case of Q=1,
then clearly the average should be 1, ie <n*1*n>=1. Since multiplication by 1 is redundant this is the same
as <n*n>=1. This simply corresponds to the normalization condition. There is nothing to stop us now, and
we are at liberty to form quantities such as <m*n>, where the states involved are in general different. This
now stands for the integral of the product of the complex conjugate of the wave function for state m with
the wave function for state n. Since the wave functions form an orthogonal set this integral vanishes. Thus
the combined orthonormality condition is neatly given as <m*n>=δmn, the Kronecker delta. The most general
form in which all of the above is contained is the matrix element <m*Q*n> which then stands for

The terminology matrix element is consistent with the fact that the quantity is dependant on the two integers
m and n and forms a two-dimensional array. The matrix element plays a very important role in the
fundamental processes of radiation physics as one of the controlling factors in the probability per unit time
for a system to undergo a transition between the states m and n.

The resonant modes of the confined particle arise because of boundary conditions which are three-
dimensional applying in one way or another to all three coordinates. As is well known for a resonant cavity
there are then three integers associated with each resonant mode. For a rectangular cavity the Cartesian
coordinate system is used and these are associated with the number of interior nodes assumed by the
standing wave along the axis designated and are written (nx,ny,nz). The particle analogy is a particle trapped
in a box, or more formally, a 3-dimensional infinite square well potential, the integers being referred to as
quantum numbers. This same type of description is applicable to a particle moving in a general 3-
dimensional harmonic oscillator potential with distinct spring constants controlling the restoring force along
each axis. The properties of the system are strongly effected by symmetries. Thus, if the resonant cavity is
a cube, or the spring constants are all equal, large numbers of the resonant modes have the same frequency,
a phenomenum known as degeneracy. It is thus no longer possible to use a simple numbering system based
upon the energy states as was implied at the outset. The Dirac symbology easily accommodates this by
inserting all three quantum numbers so a state would be described by *nx,ny,nz>. Moreover the use of a single
symbol in the bracket can still be used as representing the entire set. For example the designation *i> for



(NOTES 2)  page 13

Ylm(θ,φ)'ClmP *m*
l (cosθ)e imφ (39)

initial state no longer contains the actual quantum numbers at all, but implies that they will be used in the
actual evaluation. Another example is the notation *0> indicating the lowest energy state of the system, or
ground state, a name deriving from the analogy with the gravitational potential, also relevant as reference
point for the electrical potential. It is common in general to assign a value of 0 to this energy and reference
all other energies to it. In practice atomic energy states are actually not referenced this way. Instead the zero
energy point is taken as the minimum energy for an unbound particle in the potential. The energy of each
state then becomes the negative of the binding energy for that state. So, in the familiar case of hydrogen, the
energies are usually given as -13.6 eV and -3.4 eV for the ground and first excited state. Referenced to
ground these would be 0 and 10.2 eV respectively.  

The most important symmetry is the central force for which the potential depends only upon the
distance from the source of the force, as with the gravitational and Coulomb forces. This symmetry also
arises for the isotropic harmonic oscillator. The most convenient coordinate system sets the source of
attraction at the origin (of course the source must have infinite mass or else center-of-mass transformations
are necessary) and uses spherical polar coordinates. The force is then entirely radial and the motion is torque-
free. As a consequence the angular momentum of rotation about any axis through the origin is, like the
energy, a constant of the motion. The angular momentum operator involves the angular coordinates and
quantum numbers l and m  determine the observable properties of the angular momentum. The angular
dependance of the wave function for any such system is given by the spherical harmonic as

where Clm is a normalization constant, and the following term is the associated Legendre polynomial.  Since
this involves the *m*th order derivative of a polynomial of order l, the magnitude of m  is limited to the
integer values #l. Explicit forms of the spherical harmonics for common values of l and m can be found in
texts on quantum mechanics. The common spectroscopic notation of s,p,d,f,g...will be used for l=0,1,2,3,4...
respectively. 

The form of the radial function will vary with the form of the potential. A quantum number n,
associated with the number of nodes in the function completes the triplet of integers describing the resonant
modes, and hence states of such systems. In an isotropic environment the energy will not depend upon the
magnetic quantum number m, which classically determines the orientation of the axis of rotation. Thus a
state may be referred to in Dirac notation as *3d> meaning n=3 and l=2, although this is incomplete and is
a generic description of any one of 5 magnetic substates.

Although it was stated that relativistic quantum mechanics was outside the scope of the subject
matter here, it is not possible to escape the consequences. Dirac showed that for the electron at least,
relativity required that the simple scalar wave function be replaced by a 4-dimensional vector. The eventual
interpretation was that to every particle there was associated an antiparticle corresponding to the particle in
a negative energy state in a sort of absolute sense and both the particle and antiparticle could each exist in
one of two spin states. The latter were interpreted as an extension of the concept of angular momentum. The
latter, corresponding to the rotation about the origin is thus specified as orbital angular momentum, with
integer quantum number. The spin is characterized as intrinsic angular momentum, with quantum number
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½ and magnetic substates of ±½. This same description applies to the proton, and associated with each are
magnetic moments which are fundamentally responsible for electron and proton magnetic resonance. The
latter of course dominates the field of magnetic resonance imaging. In the absence of external fields it is
convenient to refer to the vector sum of the orbital and intrinsic angular momenta as the total angular
momentum of the particle, designated j, which for a given l can assume one of the two values l±½. Thus the
state *4f7/2> would imply that n=4,l=3, and j=7/2. The meaning of l and j is unambiguous. The meaning of
n however would depend on the details of the potential function. 

The treatment of a system as consisting of a single particle is a bit of a myth really. If one considers
the most familiar example of the hydrogen atom, in reality the behaviour of both the proton and electron
should be considered. Both orbit about a common center of mass. Of course, because the proton is nearly
two thousand times more massive than the electron, it is very much closer to the center of mass than the
electron and its motion is much less noticeable than that of the electron. Both particles have spin ½ which
can be oriented parallel or antiparallel so that the total angular momentum of an s state when the nuclear and
electron spin are combined is actually 0 or 1. The 1s ground state is actually an extremely closely spaced
doublet. The transition between the two states is responsible for the famous 1420 MHz radiation detected
by radiotelescopes. Nevertheless, the smallness of the effects contributed to the quantum properties of the
hydrogen atom do justify a single particle system.

From the above considerations it might be imagined that systems exist which must be treated as
composite. Positronium, in which an electron and positron form a bound state is certainly an obvious
example. To simplify matters extremely, consider a system consisting of two spinless particles of different
types which both happen to move under the influence of the same attractive force at the origin, but do not
exert any force upon one another. This is admittedly a pretty tall order. The position of the particles is
indicated by r1 and r2. In this situation the wave function for the composite system would be

where the subscripts are generic, standing for all 3 quantum numbers. The pdf for the joint distribution of
the two particles is then the product of the pdfs for each particle indicating that the two particle positions
are independent variates. This stems from the assumption that the two particles do not interact with each
other. Such a system is often referred to as a system of non-interacting particles. The terminology refers to
interactions between the particles, since of course they are all interacting with the common center of force
at the origin from which the potential well in which they move arises.
 

Thus for the above type of system, with two or more particles, each particle moves in its orbit
oblivious to the presence of the others. This is a tremendous simplification in the description which can
simply be based upon the states accessible to a single particle, quite naturally referred to as the single particle
states. To complete the description it is simply necessary to list the number of particles in each single particle
state, called the configuration. Each configuration comprises a state of the system, and can be defined by
{νi;i=1,N} specifying the number of particles νi in  the ith state, for all N states occupied. 
 

The energy of a given state is simply the sum of the energies of the individual particles. In a rather
cumbersome notation
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Formally, the Hamiltonian is also the sum of the Hamiltonian of the individual particles, or single-particle
Hamiltonians. It is this property that leads to the fact that the wave function for the composite system is the
product of single particle wave functions.
If the particles exert a force upon one another, then obviously the motion is no longer independent. For
example consider a single particle system with the particle in a state *n1> which for intuitive purpose is
referred to as an orbit. If the system now captures a second particle which exerts a repulsive force on the
system, the orbits of both particles will become distorted in comparison to the single-particle orbits in such
a way to maximize the mutual separation of the particles. Formally, a term of the form V(r1,r2), representing
the potential energy of the interaction, is added to the two single particle terms. It is now no longer possible
to decompose the composite wave function into a product of single particle wave functions. This implies
that the positions of the particles are no longer independent variates and from the statistical point of view
the covariance no longer vanishes. A normalized form of the covariance is the correlation coefficient so the
common description is that the motion is correlated.

A complete recording of the mathematics involving multiparticle systems becomes so unwieldy as
to obscure the physical concepts involved. To see this consider just the simple case of a matrix element of
some quantity Q operating on both particles of a two-particle system. This would take the form

Note that each subscript should really be specified by 3 integers so there should be six subscripts for each
state, and 12 to specify the matrix element properly. If one imagines treating a system such as a lead atom,
with 82 particles giving 246 subscripts for each state and an integration over 246 spatial coordinates then
the situation becomes daunting indeed. Actually there are additional complications with a lead atom because
the particles are all identical and have spin, violating the limits imposed for this description. It is normal to
use a more manageable symbolism which leaves the details of the operations as implied. Thus even though
the state of a many particle system does require all the quantum numbers for a complete description, there
is after all only one state, which can simply be associated with an integer. If for example the matrix element
were between the ground state of the system and the third excited state, then the matrix element could be
described by <3*Q*0>. The actual amount of detail required for a complete description necessary to perform
the calculation depends upon the context and is simply not addressed. 

Before becoming enmeshed in the quagmire of complications introduced by identical particles, an
important concept should be discussed within the context of the simple, albeit artificial system of non-
interacting spinless distinguishable particles. This is because of course in this context the treatment is
simplified and amenable to a relatively straightforward interpretation. Consider an operator which only
references one of the particles. Such an operator is termed a single particle operator, and we are at liberty
to label the particle as number one, and designate the operator as Q1. To be specific assume the system
consists of 3 distinguishable particles, so a typical matrix element would take the form <m1m2m3*Q1*n1n2n3>.
Then this can be analysed according to



(NOTES 2)  page 16

<m1m2m3*Q1*n1n2n3>
'mmmψ

(

m1
(r1)ψ

(

m2
(r2)ψ

(

m3
(r3)Q1ψn1

(r1)ψn2
(r2)ψn3

(r3)d
3r1d

3r2d
3r3

(43)

mψ
(

m2
(r2)ψn2

(r2)d
3r2mψ

(

m3
(r3)ψn3

(r3)d
3r3mψ

(

m1
(r1)Q1ψn1

(r1)d
3r1 (44)

<m1m2m3*Q1*n1n2n3>'<m2*n2><m3*n3><m1*Q1*n1>
'δm2n2

δm3n3
<m1*Q1*n1>

(45)

Because the coordinates are independent this can be rearranged to

In the Dirac notation this could have been written

where the orthogonality between the single particle states of particles 2 and 3 leads to the Kronecker deltas
in the final expression. But this implies that the only finite case is that for which particles 2 and 3 do not
change their states. In essence, these two particles act as spectators while particle 1 responds to the operator.
This is then a single particle transition. Clearly if the particles interact it is impossible for the particle to
change its orbit without inducing alterations in the orbits of the other two particles. 

A common situation is that the low-lying excitations of a system correspond to the single particle
excitations of one of the particles, the rest remaining in a constant configuration as spectators. The behaviour
of the valence electron of the alkali metals approximates this situation. The pattern of energy levels is then
identical to those which would have been obtained for the isolated particle in the well. It should be
emphasized that this is not exactly correct for the alkali metal example because the electrons are interacting
particles, so that the description essentially approximates the motion of a single particle in a fictitious
effective potential well. In any event one must not forget that for the muliparticle system such single particle
levels are only a subset of the accessible states, and other energy levels corresponding to more complicated
changes of the configuration exist and may play an important role.

If the particles in the system are identical then a fundamental symmetry must be taken into account,
which amounts essentially to the fact that it is impossible to label the particles uniquely. Assume a system
of two non-interacting particles for simplicity. Then the configuration in which particle 1 is in state n1  and
particle 2 is in state n2 is indistinguishable from the state in which particle 2 is in state n1 and particle 1 is
in state n2. From a more formal viewpoint the Hamiltonian is symmetric with respect to the interchange of
the particle coordinates. This is also true for interacting systems. Physically then it is necessary to require
that the pdf be invariant under such an interchange, so that the wave function must at most change sign when
the particle coordinates are interchanged. This leads to the symmetric wave function
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and the asymmetric wave function

The surprising result is that even though the particles are non-interacting in the sense that no potential of the
form V(r1,r2) exists, the resultant pdf no longer is the product of pdfs for the single particle coordinates. The
positions are thus no longer independent variants and a correlation exists between the motion of the two
particles. In essence the symmetry requirement becomes equivalent to introducing an effective force between
the particles, often referred to as an exchange force. 

If the particles have an intrinsic spin of 1/2 then there are two possible accessible states χ1/2 and χ-1/2
corresponding to the values of the z-component. For the two particles there are four possibilities
χ1/2(1)χ1/2(2),χ1/2(1)χ-1/2(2),χ-1/2(1)χ1/2(2), and χ-1/2(1)χ-1/2(2). The first and last of these are symmetric under an
interchange, and correspond to a total z-component of 1 and -1 respectively. Obviously these correspond to
2 of the three total spin 1 states, for which the component values are 1,0 and -1. Both middle states
correspond to a total component of 0. This accounts for the requirement for two such states, one mentioned
above and one corresponding to a total spin of 0, which of course can only have a zero component. They are
however neither symmetric nor antisymmetric under an interchange. Since the particles are indistinguishable
this is not physically acceptable, and the correct forms are

and

The symmetric combination is assigned to the S=1, M=0 state and the antisymmetric combination to S=0,
M=0. A fundamental property of Fermion statistics is the Pauli exclusion principle which states that the total
wave function of a Fermion system must be anti-symmetric. The total wave function is the product of the
spatial and spin wave functions. For the two particle system then, the spatial wave function for any of the
three S=1, or triplet, states must be antisymmetric. This wave function has the property of vanishing for
n1=n2.  Thus two electrons in the triplet state cannot occupy the same orbit. It must be concluded therefore
that if 2 electrons do exist in the same spatial state they are in the singlet spin state. Since this state
essentially corresponds to a spin up/ spin down combination, then if one includes the single particle spin
function in the description of the single particle state, this is equivalent to the statement that there can be no
more than one fermion in any completely defined state. 

Note the additional feature of the anti-symmetric state expressed by 
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Thus two fermions in a triplet state cannot coexist at the same point in space, even if there is no explicit
interaction potential for the system. It is as if there is an effective repulsion which again may be referred to
as an exchange force. This effect manifests itself as a source of level splitting when an explicit interaction
such as the Coulomb repulsion between two electrons is present. In such a case the average distance between
electrons in the triplet configuration is greater than for the singlet state. Since the repulsive force raises the
energy, the energy of a triplet configuration will be lower than that of the corresponding singlet state. 

The single particle state non-interacting description of a multiparticle description is so useful that
it is retained even when the system consists of interacting particles. In the case of the atom, the interaction
arising from the mutual repulsion of the electrons is treated as a perturbation acting in the shadow of the
major attraction to the central nucleus. The single particle levels are then hydrogen-like. So the ground state
configuration of the Na atom can be written 1s22s22p63s, in the well-known spectroscopic nomenclature. In
the Dirac notation this could well be designated simply as  *0>. Surprisingly, even in the case of the protons
and neutrons in the nucleus, which mutually interact strongly, and for which there is no analogous dominant
center of attraction, the single particle description has been extremely useful.

The discussion to this point has been restricted to bound states which essentially involve standing
waves because of the necessary confinement. For a free particle however, for which there is no boundary,
the appropriate description is a travelling wave. These can exist with any wavelength and energy since there
are no confining surfaces within which they must fit. From the mechanical point of view the motion is
translational rather than rotational, so the linear, rather than angular momentum is the dynamical variable
of interest. The simplest solution to the free wave equation takes the form

where the wave vector k is essentially the momentum in units of h/2π and the energy E is uniquely
determined by the magnitude k.
The energy now is any real number and hence is a continous variable. A free particle with energy E is often
referred to as being in a state in the continuum. When the energy reference is a free particle at rest, as is the
convention in atomic physics, then the energies of all bound states are the negative of the binding energy,
and the ground state is the state of largest binding energy. Thus the ground state of hydrogen in this reference
system is -13.6 eV. The binding, or ionization energy is 13.6 eV. In nuclear physics this convention is not
used, and the reference is usually the ground state of the nucleus in question.

The simple wave function above is somewhat problematic with regards to physical interpretation.
The pdf for such a wave function is constant corresponding to a uniform distribution. As with the uniform
a priori distribution often used in Bayesian statistics, normalization is not possible. Moreover from the
physical perspective the interpretation corresponds to the concept that it is equally likely to find the particle
anywhere in the universe. One possible solution is to introduce a modulating amplitude which vanishes
outside a finite region, again analogous to the approach in the Bayesian case. Such a modulated wave
however is not a pure harmonic function and a distribution in k must be used, leading to the well-known
uncertainty principle regarding momentum and position. As in the case of Bayesian statistics, it is practically
useful to employ the concept of a particle with perfectly defined momentum and completely undefined
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position, and computational results based upon this approximation are entirely meaningful. 

3. The Electromagnetic Field

The defining relationship for the electromagnetic field, taken as a six dimensional quantity expressed
by the pair of vectors E,B is the Lorentz force on a point charge q moving with velocity v,  

In a given reference frame this defines the electric field as the force per unit charge on a static charge, and
the magnetic field as the velocity dependant component of the force on a moving charge per unit charge and
speed.  In microscopic physics it is often convenient to stray from the dictates of the SIU with regard to
units. In particular the Gaussian system is convenient. The fields obey the famous Maxwell's equations
which summarize the experimental findings of Coulomb, Ampere and Faraday. The visualization by Faraday
of the electric field around a point charge as rays emanating from the point brings to mind a flow out from
or into the point depending upon the sign of the charge. Flow phenomena were characterized in general by
flux, corresponding essentially to the amount of the quantity flowing. Coulomb's law as recast by Gauss
describes the electric field in terms of an areal flux density and states that the electric flux through a closed
surface equals the total charge present in the volume enclosed by the surface. The analogous statement for
the magnetic field is that the magnetic flux through any closed surface is zero. This is equivalent to the
statement that magnetic monopoles do not exist. In differential form in vacuo these read

Note that these equations imply that the each field is constant in the direction of the field. The equation
involving the electric field is altered in the presence of a charge distribution and hence is not strictly valid
in the presence of any material medium. The second equation is however universally valid and implies that
the magnetic field satisfies

where A is referred to as a vector potential. The two differential equations indicate that there are no apparent
sources for the fields in vacuuo. The fact that a dynamic electromagnetic wave exists in vacuuo indicates
that the field must be self sustaining. This fact is expressed in the remaining two equations
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These equations indicate that a changing electric field acts as a source for a magnetic field and a changing
magnetic field acts as a source for an electric field. Moreover, the electric and magnetic fields are
perpendicular. Since the two flux equations indicate that the fields are constant with respect to changes in
these two directions, then the two fields define a local planar surface of constant phase. Since the direction
of wave motion is perpendicular to the constant phase surface, then the two fields and propagation vector
form an orthogonal triad. In vacuuo the electromagnetic wave is thus a transverse wave. The first of the two
curl equations is Maxwell's extension to Ampere's law which states that magnetic fields are caused by charge
in motion,ie current. The changing electric field is associated with an effective current, called the
displacement current. In vacuuo the displacement current is strictly proportional to the rate of change of the
electric field. The last curl equation expresses Faraday's law. More generally this is expressed in integral
form as the induction of an electromotive force around a loop by the rate of change of magnetic flux through
the loop. It may be used to complete the description of the six-dimensional electromagnetic field in terms
of the 3-dimensional vector potential by relating the electric field as

In general the gradient of a function satisfying Laplace's equation could be added to the above,
corresponding to the electric potential function. This is necessary if a static field is present, but not for a
dynamic field. It is the latter that is of interest in radiation phenomena.

The dynamic electromagnetic field in vacuuo may thus be reduced to the vector potential field, in
the sense that the vector function A(r) completely describes the field. The photon field then requires a vector,
or 3-component description. Now a particle of spin J requires a description involving 2J+1 components, so
it is consistent to ascribe a spin of 1 to a photon. In fact however, the transversality condition imposes an
additional constraint. If one uses the z-axis as a local direction of propogation, then the electric field and
hence the vector potential is confined to the x-y plane. The longitudinal, or z component is required to be
zero. This constraint is an alternative expression of the limitation of an electromagnetic wave to two
polarization states. For linear polarization, these would correspond to the A vector along either the x- or y-
axis. An alternative representation combines these with a phase difference of ±π/2 to produce right and left
cicular polarization states. At the microscopic level of the photon these correspond to the m=±1 substates.
There is no m=0 substate. 

The energy density in space due to the presence of an electromagnetic field  can be written



(NOTES 2)  page 21

w' 1
8π

(E 2%B 2) (55)

v(r,t)'mV(k,ω)e ik@r'ωtdωdΩ (56)

w' 1
8πc 2 mω2A 2(ω)dω (57)

w'mn(ω)Sωdω (58)

A 2'
8πSc 2

ω
n (59)

For an arbitrary time variation the fields can be represented by a Fourier transform of the form

where k= kΩ is the wave vector and k=ω/c. For a unidirectional wave the components only depend
upon frequency. The time average energy density is then given by

where A(ω) is the component of the vector potential at frequency ω with related field components 
E(ω)=iωA(ω)/c, B(ω)=ikA(ω) and the real parts of the complex quantities are used. 

The Fourier decomposition of the field may be compared with the modern interpretation of photons.
The energy density is interpreted as the product of photon energy with the number density  distribution in
energy

Comparison between the two expressions relates the number density distribution to the square of the
magnitude of the vector potential Fourier component giving

According to quantum electrodynamics the vector potential operator can be essentially decomposed into an
absorption operator with magnitude squared given by
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and an emission operator satisfying

The replacement of n by n+1 in Eqn(61) indicates the presence of the field even when the number density
of photons is zero, and has no classical analogue. 

If a point charge is in the radiation field it will be acted upon by the associated Lorentz force. If as
a consequence it moves with velocity v for duration δt. then it will be displaced along vector vδt. The amount
of work done by the field would then be

There is no contribution from the term involving the magnetic field because this force is perpendicular to
the displacement. Thus the rate at which energy Eint is transferred to the charge, which is equal to the rate
at which work is done, is

The energy of interaction then becomes

where the mass and momentum of the charge have been introduced. This result is only strictly correct in the
limit of weak fields. A more careful analysis within the context of the Lagrangian-Hamiltonian formulation
leads to
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For first order processes the weak field approximation is sufficient. As an example, consider the simple
electromagnetic decay of an atomic excited state to the ground state. In a first order process a single photon
with energy equal to the excited state energy (neglecting recoil) is emitted. This transition results from the
action of the first term. In competition with this decay is two photon emission, in which the energies of the
two photons are continuously distributed subject to the constraint that their sum equal the excited state
energy, again neglecting the recoil energy of the atom. The branching ratio for this mode is negligible in
practice, except of course in those instances where constraints forbid the first-order process.

The fundamental electric charge in the esu can be related to other quantities in a fashion which is
convenient in evaluating expressions for microscopic systems. For the hydrogen atom the magnitude of the
electron velocity satisfies

where S=h/2π. The ratio of this quantity to the speed of light is a fundamental constant, referred to as the
fine structure constant αe=e2/Sc with dimensionless numerical value of 1/137, to better than 0.04%. The
combination hc is useful for relating the photon energy directly to the photon wavelength and is 
given to a good approximation as 1240 eV-nm. Then e2=1.44 eV-nm =1.44 MeV-fm. In the latter form the
value is useful in estimating the Coulomb interaction energies for nuclei. For example the distance of
closest approach for a 1.44 MeV proton directed at a nucleus of charge Ze is Z fm.

Another useful quantity is the classical radius of the electron, re which arose from early attempts to
identify the electron self-energy with its rest mass energy. While these considerations no longer apply, it
remains as a rough useful mnemonic for the definition, if put in the form

Using mec2=0.511 MeV one arrives at re=2.82 fm. Of course all these quantities have been determined to
more than 3 significant figures and the more accurate values can be used when necessary.    

Only the source free equations have been discussed here. Clearly the fundamental source of the
electromagnetic field is a charged object. If the charge is at rest in the laboratory frame, an electrostatic field
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is observed. If the charge is in steady motion then a magnetostatic field is observed. Since the fields must
both be time varying in order to generate a self-sustaining effect the charge must be accelerating to produce
a radiation field. For a charge q undergoing acceleration a the power radiated satisfies

where Θ is the angle between the acceleration vector and the line joining the charge to the point of
observation. In the common dipole arrangement charge oscillates along a linear antenna.The maximum
radiation then occurs broadside to the antenna, for which Θ=π/2 while no radiation occurs along the ends
of the antenna for which Θ=0. Since for simple harmonic motion of amplitude x0 the amplitude of the
acceleration is ω2x0 the radiated power varies as ω4x0

2.  

Nuclei

The basic constituents of nuclei are neutrons and protons. These are generically referred to as
nucleons and in a sense each is considered a different state of the nucleon. The masses of the two are equal
within about 0.06%,with the neutron mass being greater. If one thinks of an energy level diagram for
particles, with each level at the particle rest mass energy then the nucleon would appear as a closely spaced
doublet. Of course it is now known that the nucleons themselves have a structure based upon quark triplets,
but this in no way invalidates their use as particles in describing nuclei. A nucleus is then specified by a
pair of integers, such as Z the atomic number corresponding to the number of protons and A the mass
number or number of nucleons. History dictates that the atomic number be represented by a symbol for the
element to which it corresponds, thus Z=82 is lead, Pb. The mass number appears as a leading superscript
as in for example 59Co, the nucleus with 59 nucleons and 27 protons corresponding to the element cobalt.
An alternate description is the use of the neutron and proton numbers N and Z, 32 and 27 in this case. With
this description the very useful classification of nuclei into 4 major classes according to the integer
properties of even-even, even-odd, odd-even and odd-odd can be made. This classification is physically
significant. For example it is observed that odd-odd nuclei rarely occur in nature. One of these is 14N and
since nitrogen is a major element of living organisms the odd-odd property has important consequences as
will be investigated at a later time.

The factors which enable Z protons and N neutrons to coalesce into a stable structure are of
fundamental importance-the natural synthesis of the elements from the primordial universe depends upon
them. Observation has shown that nuclei can be characterized by an effective radius of about 1.2A1/3 fm.
Obviously because of the Coulomb force, there is a tremendous mutual repulsion between the protons
packed into such a small volume. This therefore must be counterbalanced by attractive internucleon forces,
referred to in general as the nuclear or strong force. Since strongly interacting particles are called hadrons
it may also be described as the hadronic interaction. This force is short range so any given nucleon can only
interact with a maximum number of nearest neighbours. In some respects one might think of a nucleon deep
in the nucleus as possessing a fixed numberof bonds, each of which contributes a fixed amount to its
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binding energy, which turns out to be roughly 8 MeV. On this basis one would expect that the binding
energy of the system from the nuclear forces would increase linearly with the mass number. The Coulomb
repulsion in contrast is a long range force so the interaction of a proton through this force is not limited to
the nearest neighbour protons but involves them all, and the effect is to reduce the binding by an amount
which increases quadratically with the atomic number.

From the above arguments one would be forgiven for concluding that the stable structure should consist
entirely of neutrons. After all this eliminates the problem of the Coulomb force entirely. The fact that this
is not the case is largely a testament to the power of the exclusion principle which dictates that the
minimum energy configuration for the hadronic interaction occurs for N=Z. If one thinks of single particle
states then this can be visualized as follows. Each state can accommodate 2 neutrons and 2 protons
according to the exclusion principle. The more nucleons that can be accommodated in the lower energy
states, the lower will be the total energy of the system. But the lower the system energy the greater the
binding energy, since the system energy is referred to the ground state energy. The latter is the negative of
the system binding energy when referenced to the state of A free nucleons at rest. If one considers the
common elements and their most abundant isotopes, 4He, 12C, 14N, 16O and 20Ne for example, this seems
to be basically borne out. For larger A the destabilizing influence of the Coulomb force becomes
increasingly important and stability is favoured by increasing the ratio of N to Z. Accordingly this ratio
which is essentially 1 for A<40 increases steadily to nearly 1.5 at A=238. 

Another important factor effecting the overall binding energy is the surface effect. Nuclei near the
surface are effectively short-changed when it comes to nearest neighbours and would have only roughly
half the bonds of their more fortunate interior cousins. The more surface area then, the less bound the
system and this can be essentially modelled as a surface tension term. Clearly the surface to volume ratio
decreases with radius so the decreased binding due to this effect is most noticeable for the light nuclei.
Finally, it turns out that pairs of nucleons are particularly stable. Thus even-even nuclei are more stable than
odd mass nuclei. The least stable configuration is odd-odd. This explains the lack of such species in nature.

From the above discussion it should be clear that for a given number of nucleons, A there will be
an optimum N and Z producing the maximum binding energy. Since the rest mass energy of the system is
the sum of the rest mass energies of the constituents minus the binding energy, this N and Z results in the
minimum atomic mass. The discussion has only referred to the nuclear binding effect, but the electrons are
also bound to the nucleus to form an atom, and it is the atomic mass that is measured. Nevertheless the
nuclear effects dominate. Atomic masses are referenced to the atomic mass unit u=M(12C)/12, with energy
equivalent uc2=931.478 MeV. The quantity tabulated is the mass excess ∆=M-A, converted to equivalent
energy. For example the mass excesses for the neutron, hydrogen and deuterium are ∆n=8.0714,
∆(1H)=7.2890 and ∆(2H)=13.1359 MeV. The deuteron binding energy is then B=∆n+∆(1H)-∆(2H)=2.2245
MeV. Note that the term involving A is of no concern in such calculations since the number of nucleons
is conserved. 

 A graph of mass versus Z for A fixed is a parabola to an excellent approximation for odd A nuclei.
For even A nuclei there are 2 parabolas, the lower one corresponding to the more stable even-even
configurations. The minima do not necessarily occur at integer values, so the most stable configurations
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(N,Z)6(N&1,Z%1)%β&%ν̄ (69)

(N.Z)6(N%1,Z&1)%β%%ν
(N,Z)%e &6(N%1,Z&1)%ν (70)

are those closest to the minimum.

If a nucleus is created with a non-optimum (Z,N) configuration then it will be unstable. Such a
nucleus will be radioactive and its transition to a more stable configuration is termed a radioactive decay.
If the neutron number exceeds the stable neutron number for the given mass number, then the nucleus is
said to be neutron rich. Clearly, a more stable configuration is attained by reducing the neutron number.
This could be achieved by the emission of the neutron but in the vast majority of cases this is not
energetically possible, since it would require the energy available from the decay to exceed the neutron
binding energy of some 8 MeV.

An alternative is a decay process which results from the influence of the electroweak force, called
beta decay. It is summarized by

The effect is equivalent to a neutron converting to a proton an electron and an anti-neutrino. The decay
energy, which is equal to the difference in atomic rest mass energies between the initial and final
configurations is carried away by the electron, referred to as a beta particle, the neutrino and the recoiling
residual nucleus, in such a way that the total momentum of the system is zero, assuming the original
nucleus was ostensibly at rest. Because the nuclear mass is at least 1860 times greater than the electron
mass, the sum of the electron and neutrino energy virtually equals the decay energy. This decay mode is
applicable at the most primitive level. A free neutron decays to a proton by this decay mode. The half-life
is about 11 min and the decay energy is about 1 MeV. Since the energy is shared between the beta particle
and the neutrino statistically, the spectrum associated with each particle is continuously distributed from
zero to the decay energy. The latter is referred to as the end-point energy. In practice, it is the beta spectrum
that is measured of course.

The question now arises as to the fate of a proton rich nucleus in which N is less than the optimum
value. As in the previous case simple proton emission is energetically not possible in the vast majority of
cases. This case is more complicated as there are two competing decay modes-positron decay and electron
capture as indicated by

The first case corresponds to a proton converting to a neutron, positron and neutrino. The second case
corresponds to a proton combining with an atomic electron to become a neutron and neutrino. The decay
energetics for positron decay requires careful consideration, recalling that atomic masses are used. The
electrons that make up the atoms involved in nuclear decays and reactions are never shown explicitly.  The
initial state consists of the neutral atom with N neutrons, Z protons and Z electrons. The final state must
therefore consist of the neutral atom with N+1 neutrons, Z-1 protons, and Z-1 electrons together with an
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∆(A,Z)'∆(A,Z&1)%2mec
2%E (71)

electron, a positron and a neutrino. The energy balance is then

The kinetic energy release, essentially shared by the positron and neutrino is thus the atomic rest mass
energy difference less twice the electron rest mass energy, 1.022 MeV. Thus unlike beta decay, positron
decay is characterized by a threshold, becoming energetically forbidden when the difference between initial
and final atomic rest mass energies is less than twice the electron rest mass energy. In the case of electron
capture, the excess electron in the initial atom is accounted for in the reaction and the energy release equal
to the difference in rest mass energies between the initial and final atoms is shared between the neutrino
and recoiling atom. In this case there is no threshold, and, because there are only two objects sharing the
energy, energy and momentum conservation result in monoergetic neutrino and recoil spectra.

The existence of the two possible decay modes means that, when it is energetically possible these
modes compete, in the sense that there is a probability associated with each mode. Of course a single atom
can only decay via one mode. If the decay probabilities for the positron and electron capture modes are Pp
and Pe then in a sufficiently large number of decays N, the number of decays of each type will be PpN and
PeN. The probabilities are often multiplied by 100 and expressed as percentages, in which form they are
referred to as branching ratios. Note that for decay energies less than 2mec2 the electron capture branching
ratio becomes 100%.

An important radioisotope illustrating these concepts is naturally occurring 40K, which has an odd-
odd nucleus. The isotope half-life is 1.3x109 y and the isotope is said to be primordial. This means that all
activity now present on earth is that remaining from the time the earth was formed. This is in contrast to
shorter-lived cosmogenic radioisotopes such as tritium which are continually being produced by cosmic
radiation interacting with the earth's atmosphere. Potassium is a major constituent of the earth, and the
energy from decay of this radioisotope is a major source of geothermal energy. Potassium is also an
important constituent of living matter. In a typical adult human, there are approximately 4000 40K decays
per second. Potassium is of course maintained by ingestion of foodstuffs in which it is present, bananas
being a particularly rich source.  The situation is shown schematically in Fig.2.1. Because the mass number
is even the nuclei rest mass energies lie on one of two parabolas, the upper one for odd-odd species such
as 40Cl and 40K. Between these two nuclei are the even-even species 40Ar and 40Ca which lie on the lower
parabola. In this case the potassium isotope atomic number is located closest to the parabola minima. 
Thus both the neighbour with one less proton, argon and the neighbour with one more proton have lower
rest mass energies, ie greater binding energies, than potassium and decay to either is energetically possible.
Such a case is unusual and of course could never occur for odd A nuclei, for which the rest mass energy
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                               Figure 2.1. A=40 

dependance is described by a single parabola. In this case
all nuclei with Z less than the integer nearest the minimum
decay by beta decay, while those in the proton rich region
decay by either positron, or electron capture. The odd A
case is more straightforward and since the sides of the
parabola become steeper the further the nuclides are from
the minimum the greater the energy difference between
adjacent isotopes and the greater the decay energy. The
half-life depends upon the decay energy and upon the
change in angular momentum (spin) and parity. For a given
spin-parity change the half life decreases pretty rapidly with
energy release, so usually the nuclei far from stability are
short-lived.

For even A nuclei, the situation is not quite so
straightforward because of the two parabolas. Effectively,
this causes a modulation of the decay energy pattern, with
decays from even-even to odd-odd nuclei having less energy release than average and the decays from odd-
odd to even-even nuclei having greater decay energy than average. In those case for which an even-even
nucleus is closest to the parabola minima, all decays are either beta minus or positron/ electron capture as
with odd A nuclei. This is the case for example with the neighbouring A=38 and 42 systems for which the
nuclei closest to the minimum are 38Ar and 42Ca.

Returning to the case of 40K. the decay energies for the β- and EC decays are 1.31 and 1.51 Mev
respectively. The very long half-life is not primarily due to the energy factor. For example, The half-life
of 31S with a decay energy of 1.48 MeV is only 2.62h. The major factor in this case is spin. The ground state
spin of 40K is 4 while the ground state spin of the even-even nuclei to which it must decay have a value 0,
characteristic of all even-even nuclei.
The spin-forbidden nature of the decay manifests itself in another important property of this decay. Since
nuclei are a bound system of particles, in fact strongly interacting Fermions, they can exist in a number of
energy states. The first excited state of 40Ca is at 3.35 MeV which exceeds the 1.31 MeV decay energy. This
state is thus not accessible. The first excited state of 40Ar is at 1.46 MeV, which is only 0.05 MeV less than
the decay energy and has a spin of 2. It is thus possible for 40K to decay via the emission of a neutrino
following electron capture, with energy of roughly 50 keV, forming the 40Ar nucleus in the first excited
state. This state itself has a half-life in the order of ps, and the nucleus essentially immediately decays to
the ground state. The situation is entirely analogous to the de-excitation of an excited atom, and in this case
an electromagnetic transition occurs with the emission of a γ-ray. The total energy of the γ-ray and recoiling
nucleus is 1.46 MeV, but the recoil energy of the massive nucleus is negligible and to a reasonable degree
of accuracy the γ-ray energy is 1.46 MeV. Although the energy of the primary electron capture decay to this
state is a factor of 30 lower than the energy for the decay to the ground state this decay mode dominates the
branch to 40Ar. Here we see the interplay of the two factors controlling the decay probability. Since the
excited state  has a spin of 2 it may be populated following a spin change of 2. The ground state transition
however requires a spin change of 4. The influence of these factors viewed in this way is only qualitative
however, and the process is also controlled by the detailed nature of the wave functions. In this case the
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branching ratio for β- decay to 40Ca is 89% and for electron capture decay to the 1.46 MeV state in 40K is
11%. Decay to the Argon ground state is negligible(.2%). In a whimsical moment one might wonder about
the consequences had the spin of 40K been lower, resulting in a much shorter half-life, so that the major
source of geothermal energy would have vanished long ago.  

While the half-life of nuclear states in the vast majority of cases is extremely short, typically
subnanosecond, occasionally quite long-lived states do occur. Again the factors controlling the life-time,
corresponding to the average time of existence and equal to the half-life divided by ln2, are the energy
release and the spin change. When the only levels at lower energies to the excited level have markedly
different spins, then the excited state may have a significantly long half-life. The occurrence of species with
such long half-lives was a bit of a puzzle to early researchers, since they were chemically and isotopically
identical to the product of their decay. For this reason they were called isomers, in analogy to the chemical
terminology used to describe molecules of identical composition but differing structure. A most important
example is 99mTc which is an excited state of 99Tc at an energy of 0.14 MeV with a half-life of 6h. This
radioisotope is the most popular radionuclide for use in medical imaging in which the emitted 0.14 MeV
γ-rays are detected. Both the half-life and decay γ-energy are convenient for technical reasons, and there
is very little extraneous radiation. To elaborate on this latter point consider the use of  γ-rays from a normal
short-lived state. Obviously the only way the activity could be maintained would be in the presence of the
parent nuclide populating the state as a result of its decay. Isolated from the parent, the activity would
disappear in a few nanoseconds. In the presence of the parent, which continually creates new excited states,
the activity would follow the parent half-life governed by the beta decay process. Thus it would be
necessary to introduce the parent activity into the patient, who is then exposed to the primary beta particles
as well as the desired  γ-rays. Because the transition in 99mTc is isomeric, this species can be separated from
its parent, 60h 99Mo, before injection.

The deexcitation of an excited state by the emission of a photon is a familiar process first observed
for atomic spectra in the optical region. In the case of nuclear excited states where energies are about 5
orders of magnitude greater, an alternate decay mode exists, referred to as internal conversion. In this mode
the energy is transferred to an atomic electron if it exceeds the binding energy of the latter. The energy in
excess of the binding energy is shared as kinetic energy between the electron and the recoiling nucleus. As
in the case of photon decay, to a good approximation the recoil energy is negligible and the kinetic energy
of the electron is equal to the difference between the excitation energy and the binding energy. A qualitative
and intuitive rationale for the process may be made if one links the original photon emission to classical
electromagnetism. From this perspective electromagnetic radiation of photons of a specific energy, ie
frequency, results from a dynamic charge distribution oscillating at the given frequency. Then in some way
a nucleus in an excited state making a transition to a state of lower energy involves such an oscillating
charge distribution. But since the nuclear charge binds the electrons, such oscillations would effect the
electron motion. This is particularly true of the innermost K and L shell electrons, closest to the nucleus,
and the probability of conversion decreases with orbital distance, except for energy constraints. If the
excited state energy is less than the K-binding energy for example, then only conversion in the L and higher
shells takes place. The process is quantified by a parameter referred to as the internal conversion coefficient
and defined as the ratio of conversion electron emission probability to photon emission probability. An
internal conversion coefficient can be defined for each atomic electron state, usually with the designation
K, L1,L2,L3 and so on. The total internal coefficient is the sum over the coefficients for each state. For cases
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EKα2
'B(K)&B(L2)'88.0&15.2'72.8keV

EA'B(K)&B(L1)&B(M3)'72.8&3.1'69.7keV

in which photon emission is forbidden and only internal conversion decay is allowed, the internal
conversion coefficient becomes infinite. 

Internal conversion and electron capture are examples of a process that leads to an ionization of an
atom involving an inner electron, thereby creating a vacancy in an inner shell. This is an excited state of
the multi-electron system involving a more complex configuration than that of an excited valence electron.
The decay mode most commonly discussed for this situation is again photon emission, where in this case
the photon is referred to as a characteristic X-ray. The energy of the X-ray emitted, neglecting atomic recoil,
equals the difference between the binding energies of the initial and final configurations. For example
consider the case of an initial state corresponding to a vacancy in the K-shell of Pb. If this is filled by an
electron initially in the L2 shell the X-ray energy is

Note that the X-ray is identified primarily by the final state shell. Thus a K X-ray is a transition terminating
on the K-shell. The initial shell is identified by a subscript, so that Kα  designates an L to K transition and
Kβ  designates an M to K transition.

  As in the case of nuclear de-excitation, there is a competing mode in which the excitation energy
is transferred to an electron with binding energy less than the decay energy. This process is referred to as
Auger emission. The Auger electron energy is the difference between the X-ray energy and the electron
binding energy. Thus if an Auger electron were created from the M3 shell in the above case the kinetic
energy would be

The designation of an Auger transition requires listing all three shells involved. The probabilities of X-ray
and Auger electrons are defined by the fluorescent yield. This is essentially the branching ratio for X-ray
emission. For example a fluorescence yield  =35% would indicate that for every 100 K-shell vacanciesωK

created, 35 X-ray and 65 Auger electron decays would occur. The fluorescent yield  increases smoothly with
atomic number from  0 at Z=1 asymptotically approaching 100%, with the asymptotic value practically
valid for Z>80.

For the elements with atomic number greater than Pb, Z=82, the destabilizing force of the Coulomb
repulsion is so significant that no stable configurations exist. In many cases the mass of a given
configuration is greater than the sum of the masses of a 4He atom and the configuration with 2 less protons
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and 2 less neutrons. Such nuclei are then unstable against α-decay. A famous example is

226Ra 6 222Rn + α

The radium daughter is an isotope of the element radon, a rare gas. This radium isotope, with a 1600y half-
life, itself is a member of a chain of decays initiating with 238U, and of course it is intimately linked with
uranium ore. Other radium isotopes arise from chains initiated by 232Th and 235U. All three initiate a chain
of alpha and beta decays terminating upon a lead isotope. The isotope 222Rn, which has a half-life of 3.8d
is of particular concern since as a gas it diffuses from the matrix containing radium, which can be the
surroundings of an underground uranium mine, or in fact, the ground of any typical building lot and the
masonry of any building. It decays to non-gaseous alpha-emitting radium daughters. Inhalation may lead
to the incorporation of these daughters into the lung.

This type of decay is particularly made possible by the relatively large binding energy of 4He,
together with the rapid increase in binding with the reduction of nuclear charge in this region. Although
different in detail, the half-life for this process is also largely controlled by considerations of energy release,
and spin and parity change. The 4.8 MeV energy for the decay of  226Ra to the ground state, with branching
ratio of 95%, is shared by the α-particle and recoiling 222Rn atom, the former receiving about 98%. Thus
the α-particle and recoil spectra are discrete. The alpha spectrum in this case consists of two significant
components, one at roughly 4.8 MeV and one at about 4.6 MeV, corresponding to a decay in which the 0.18
MeV first excited state of 222Rn is formed. The branching ratio for this component is 5%. Note that both
nuclei are even-even and have ground state spins and parities of 0+. The first excited state is a 2+ state,
requiring a spin change of 2 and no parity change. This, to-gether with the slightly lower energy accounts
for the lower branching ratio.

For Z$92, the atomic number of uranium, the Coulomb repulsion leads to another decay process
in which the nucleus essentially disintegrates into two large fragments with masses predominantly in the
ratio of about 1.4 to 1 together with one or more neutrons. This process is referred to as spontaneous fission.
The fission process always leads to neutron rich products which are  unstable against β- decay, some very
highly so. This is because the N/Z ratio at uranium is about 1.4, while in the mid-mass range it is more like
1.3. Thus the products must reduce the neutron number  through a series of successive decays to reach
stability.

In a few cases the beta decay energy is so great that it exceeds the binding energy of the neutron in
the product nucleus. In this case, once the product is formed it virtually immediately disintegrates into a
neutron and an isotope with one less neutron number. Since the time course of the neutron emission is
governed by the prior beta decay, these neutrons are referred to as delayed neutrons as distinct from the
prompt neutrons emitted during the fission act itself.

While the half-life is a commonly used and convenient parameter with which to describe the time-
course of the decay process a more fundamental parameter is the decay constant λ=ln2/T1/2. This quantity
is in fact the probability per unit time for a decay. This can be shown by the following arguments. Let
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'
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'&λW(t) (73)

W(t+dt) be the probability of observing an unstable system at time t+dt, given it exists at t=0, so W(0)=1.
In order for this to be achieved, the system must have been observable at t, and must not have decayed in
the intervening interval dt. This leads to the relation

The bracketed term corresponds to the complement of the probability for a decay in the intervening interval,
given by λdt according to the definition above. This is easily converted to

Clearly the solution satisfying the initial condition is simply W(t)=e-λt. Then the average number of
radioactive atoms observed for a simple one step decay to a stable product satisfies N(t)=N(0)e-λt. Moreover
at any time the average number of decays per unit time, the sample activity, is given by λN(t). The unit of
activity is the Becquerel (Bq), corresponding to a decay rate of one per second. Dimensionally, the
Becquerel is thus identical to the Herz although the two are never interchanged. An older unit was the
Curie, associated with the activity of 1g of radium in equilibrium with all subsequent members of the decay
chain. The Curie (Ci) corresponds to 37 GBq. The term Becquerel should never be applied to the emission
rate of a particular radiation unless the branching ratio is 100%. For example, a 100 Bq sample of 40K emits
11 γ-rays per second.
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PROBLEMS FOR DISCUSSION
(BACKGROUND)

1. The black body spectrum, given as the intensity versus wavelength, corresponding to the
unnormalized pdf in wavelength is given by

(a) Find the spectrum given as a function of frequency.

(b) Find the relative number density as a function of frequency.

2. Consider a particle in a square well, , with possible wave functions&a#x#a

Write out an integral expression for , but do not evaluate. +4*x 3*1,


